A theoretical examination is made of the thermo-acoustic properties of a Rijke burner of large aspect ratio rectangular cross-section. Such a generic device has been proposed by Kok et al. (2009 paper presented at the 16th International Congress on Sound & Vibration) to make canonical studies of combustion instabilities. An aeroacoustic Green's function is derived which permits the sound pressure produced by arbitrary thermal and vortex sources within the burner to be calculated by convolution. The Green's function corresponds to the potential flow sound field produced by an impulsive point source; its calculation taking account of flame-holder geometry is facilitated by use of the Schwarz-Christoffel transformation. The transformation is performed numerically to accommodate complex burner geometry and validated by comparison with an alternative procedure involving the direct numerical integration of Laplace's equation.
INTRODUCTION
The noise produced by gas turbines, industrial furnaces and various propulsive devices is dominated by unsteady combustion sources [1] [2] [3] [4] [5] . These include direct 'monopole' sources, of strength determined by the volumetric expansion of gases in the combustion zone [5] , and 'indirect' combustion sources produced during unsteady accelerated motions of combustion products-these are of 'dipole' type and often referred to as 'entropy noise' [6] [7] [8] [9] [10] [11] , but frequently are strongly correlated with traditional vortex sources in 'hot' shear layers [12] . The coupling of such sources to resonant acoustic modes often result in combustion instabilities associated with self-sustaining structuralacoustic oscillations maintained by feedback to the fluctuating sources of heat. Strong coupling of these modal oscillations to a mean flow can have a considerable and damaging effect on both flame and system integrity, in the worst cases leading to destructive structural failure. A general overview of current understanding of such phenomena is given in a recent special issue of Journal of Propulsion and Power [13] [14] [15] [16] [17] .
The 'Rijke burner' is one of the simplest devices exhibiting flow-coupled thermoacoustic resonances; it has been investigated extensively [18] because it provides an Figure 1 , where the z axis is directed out of the plane of the paper. The burner has rigid walls, has overall length L, and a triangular flame holder is located at the join of uniform sections of the burner. Put x = (x, y) and take the x-axis along the axis of symmetry of the burner and the y-axis in the 'span-wise' direction, parallel to the long side of a rectangular cross-section. The coordinate origin is taken in the plane of the burner entrance. The burner sections upstream and downstream of the flame holder have respective uniform cross-sectional areas Ꮽ 1 and Ꮽ 2 .
In the most general case sound is generated by unsteady vorticity and combustion. We consider a perfect gas of temperature T(x, t) (where t denotes time) and take the acoustic variable to be the total enthalpy (1) where c p is the specific heat at constant pressure and v is the flow velocity. When the mean inflow from the burner entrance is uniform and steady, the total enthalpy B is constant throughout the flow in the absence of thermal and vortex sources.
In high Reynolds number and low Mach number mean flow fluctuations in B are governed by the inhomogeneous acoustic equation [12, 22] (2) where c = c(x) denotes the speed of sound, = curl v is the vorticity, and s is the specific entropy. The first source term on the right is a dipole that accounts for the influence of turbulence, mean shear layers and mean and fluctuating temperature Hot acoustic region
Figure 1:
Two-dimensional Rijke burner of uniform width in the z direction (out of the plane of the paper).
variations on sound production. The final term on the right is a monopole combustion noise source.
In the acoustic regions of the low Mach number burner flow, where the source terms can be neglected (i.e. far from the flame holder), fluctuations in B are related to the acoustic pressure p by
where ρ o is the local mean density. The solution B(x, t) of equation (2) can be expressed in terms of a Green's function G(x, y, t − τ) that satisfies (4) where y = (x′, y′, z′). Then [12, 22] (5) where ν is the kinematic viscosity. The surface integral is taken over the solid boundary S, say, and can usually be discarded if the walls are rigid and boundary layer dissipation is ignored. The first volume integral (over the fluid region V ) represents the sound produced by vorticity and entropy gradients in the flow, and the final integral is the monopole sound generated by volumetric expansion produced by combustion.
GREEN'S FUNCTION
The Green's function G(x, y, t−τ) determined by equation (4) can be regarded as the potential produced at (x, t) by an impulsive point source at y at time τ. It is assumed to vanish at classical open end 'pressure nodes' x = 1 , 2 , (see Figure 1 ) that include the duct end-corrections. Let -
and c 1 , c 2 , respectively denote the mean temperatures, densities and sound speeds in the uniform sections of the burner upstream and downstream of the flame holder. If u 1 and u 2 are the corresponding mean flow speeds, we define the Mach numbers M 1 = u 1 /c 1 << 1 and M 2 = u 2 /c 2 << 1. Introduce plane interfaces at x = X 1 , X 2 upstream and downstream of the flame holder defined such that ideal uniform flow past the flame holder may be assumed to be entirely onedimensional for x < X 1 and X 2 < x. The mean temperature and density are assumed to jump from -
Following Heckl & Howe [20] we consider first the case in which the source point y is in the uniform hot region downstream of the flame holder. The corresponding result for a source in the immediate vicinity of the flame holder will then be deduced using the reciprocal theorem [22, 23] . The fluid in the immediate neighbourhood of the flame holder is treated as a hydrodynamic plug excited into oscillation parallel to the x-axis by the arrival of the wave from the distant impulsive point source. For such motion conservation of mass and momentum across the plug require that
where 
where ϕ*(x) is the velocity potential of ideal, incompressible flow through the Rijke burner in the positive x direction defined such that the flow has unit speed in the region x > X 2 . This function must be determined numerically (in Section 4). The integration in (8) is taken along a 'line-of-sight' path between the upstream and downstream sections of the burner. It is sufficient to assume that waves propagating in the uniform the cold and hot acoustic sections are one-dimensional and depend only x.
The time-harmonic representation
The time-harmonic Green's function Ĝ(x, y, ω) is defined by the Fourier transform (9) where ω denotes radian frequency. It satisfies the inhomogeneous Helmholtz equation. (10) When y = (x′, y′) lies in the hot, uniform section of the burner, it can be assumed that Ĝ has the following representations in the different sections of the burner (from [20] ):
where k 1 = ω /c 1 and k 2 = ω /c 2 are the respective acoustic wavenumbers in the cold and hot acoustic regions. The coefficients a, b, c, d, α, and β are unknowns to be determined by application of the conservation equations (6), (7) and continuity of pressure and velocity at interfaces X 1 and X 2 .
Using (6) and (7) the coefficients c and d are expressed in terms of a, in the form (12) where the asterisk designates the complex conjugate and (13) where
By introducing Heaviside step function H( . ), the formula for Ĝ throughout the hot acoustic region becomes (14) where ᑬ( . ) and ᑣ( . ) respectively denote the real and imaginary parts. The substitution of this result into the left hand side of the Helmholtz equation (10) yields an expression containing coefficients of δ (x − x′) and its derivative δ′(x− x′), and furnishes the following equations for a and b:
The determinant f (ω) of the coefficients of a, b on the left-hand side can be written
where τ 2 = (X 2 − 2 )/c 2 . The zeros of f (ω) correspond to the resonance frequencies of the Rijke burner for small amplitude oscillations, in the absence of flame excitation of sound.
Solving (15): (17) Continuity of pressure across the two interfaces at x = X 1 , X 2 requires that (18) where Ĝ 1 , Ĝ 2 , and Ĝ 3 correspond to the representations of Ĝ (x, x′, ω) respectively within the intervals 0 < x < X 1 , X 1 < x < X 2 , and X 2 < x < x′. These equations determine the following formulae for the coefficients α and β (in eqn. (11)) in terms of a:
Thus far it has been assumed that the source location y is within the hot acoustic region (x′ > X 2 ). In terms of which we have derived the representation of Ĝ (x, y, ω) for observer locations x in the vicinity of the flame holder. The reciprocal theorem [22, 23] may now be invoked to obtain the response in the hot section when the source is placed within the neighbourhood of the flame holder. Reciprocity states that the potential at observer point x A produced by a source at point X B is equal to the potential at the observer point x B produced by an equal point source at x A . i.e. (20) The expression for the time-harmonic Green's function when the source point y is near the flame holder and x lies in the hot acoustic region accordingly becomes
, ,ˆ, , , 
The time-domain Green's function
The time-domain Green's function G (x, y, t − τ) is calculated from Ĝ (x, y, ω) by means of the Fourier transform inversion formula,
The path of integration is the real ω-axis indented where necessary to pass above all singularities of the integrand to satisfy causality. Its value for t > τ is readily evaluated from the residue contribution from simple poles at ω n (−∞ < n < ∞) where f (ω) = 0 (see equation (16)), whose roots correspond to the resonance frequencies of the burner. The function ĝ(x, y, ω) in equation (21) has two properties that simplify this calculation. First, the residue at ω = ω 0 = 0 is null. Second, ω −n = −ω n and ĝ (x, y, ω) is an odd function of ω. Thus we obtain ) .
where the prime denotes differentiation with respective to the argument and the Heaviside function H(t−τ) arises because of causality.
THE POTENTIAL *(x)
To complete the determination of G(x, y, t − τ) the potential function ϕ * (x) describing uniform, ideal flow through the burner must be determined by numerical integration of Laplace's equation. For piece-wise rectilinear, rigid walls this is conveniently accomplished by conformal mapping of the burner interior on the upper half of a complex plane. In this section two-dimensional incompressible motion through the burner is described in terms of the complex representation z = x + iy of a point x = (x, y). The interior of the burner will be mapped onto the upper half (η > 0) of the complex ζ plane, where ζ = ξ + iη. This is done by numerical treatment of the Schwarz-Christoffel transformation [24] [25] [26] [27] . The interior of an N-sided polygon in the z-plane is mapped onto the upper half of the ζ-plane, with the polygonal sides mapping into real ζ-axis according to the formula (29) where α n and ξ n (ξ n < ξ n+1 ) are the respective interior angle and image point on the real ζ-axis of the polygonal corner z n = x n + iy n taken in counterclockwise order around the polygon. K is a complex constant that determines the orientation and size of the polygon. A transformation containing four angular points is depicted in Figure 2 . The perimeter of the polygon maps onto the real ζ-axis so that the image ξ n of one of the corners (which may have interior angle equal to π) is ζ = ∞; in this case, the factor (ζ−ξ n ) α n /π−l is omitted from the right-hand side of (29) . Illustration of the Schwarz-Christoffel transformation.
The integrated form of equation (29) (30)
involves an additional integration constant L, whose value depends on the position of the polygon in the z-plane. In all cases only three of the parameters K, L, ξ n (n = 1, ..., N) may be prescribed arbitrarily, subject to the condition ξ i < ξ i+1 .
Application to the Rijke burner
The Rijke burner is symmetric with respect to the x axis, which coincides with a streamline of the potential flow defined by ϕ* (x). The calculation can therefore be simplified by confining attention to the region y > 0 of the burner. Furthermore, the uniform upstream and downstream sections of the burner may be assumed to extend respectively to x = + − ∞. The Schwarz-Christoffel transformation is then used to map the interior of this infinite domain onto the upper half of the ζ plane. The interior angles α n and the correspondence of points in the z and ζ planes are indicated in Figure 3 . To do this calculation we temporarily shift the coordinate origin in the z = x + iy plane to the point labelled z 5 in Figure 3 , the tip of the upstream vertex of the triangular flame holder.
The nodal values z n relative to this new origin are given in Table 1 [19] .
Compact Green's function for a generic Rijke burner Transformation from the Rijke burner z plane to the upper ζ plane. The mapping is determined by (31)
The points ξ 4 and ξ 5 are chosen to be 0 and 1, respectively, so that we can take L = 0 in (30), to obtain (32)
The four unknown points ξ 2 , ξ 3 , ξ 6 , ξ 7 and the coefficient K in (31) cannot be prescribed because the positions of the three points ξ 1, 8 , ξ 4 , ξ 5 have already been chosen [26, 27] . However, the change δz ≡ z 4 Howe [24] and Dias et al. [25] have developed a numerical procedure for calculating the remaining unknown parameters ξ 2 , ξ 3 , ξ 6 , ξ 7 in this formula and in (32). The method involves minimizing a positive definite quantity S equal to the sum of the squared differences between distances between successive nodal points in the z plane calculated using (32) and their corresponding known values. Specifically, for N boundary points (34) for all finite values of ξ n , where D = 1 m 2 is a dimensional constant required to nondimensionalise S. The values of the unknown boundary points ξ n are determined by a systematic iteration procedure that forces S → 0. In the present calculation the iterations are continued until S < 10 −6 .
It is essential when calculating S to make use of a well-behaved numerical integration scheme that takes proper account of the singularities of F(ζ ) on the real axis. These singularities occur only at the limits of integration in (34), and can be accommodated by using a Gauss-Jacobi quadrature scheme [28] . The appropriate formula is [28] (35) ( ) ( ) ( ) ( ), 1 1 .
. where M is the chosen number of integration nodes x j in (−1, 1) and W j is the corresponding Gauss-Jacobi weighting factor.
Minimization of S
Minimisation of a smooth, multi-dimensional continuous function can usually be achieved by simple application of the Newton-Raphson method, which is gradientdependent. However, this will not work for the function S of equation (34) because the gradient is either highly singular or zero at the points of interest. To avoid these difficulties S will be minimised by application of the simplex method [29] . A simplex is the N-dimensional analogue to a triangle containing N + 1 independent points in Euclidean space, N being the number of variables defining S. We denote by Ξ the N dimensional vector Ξ = (ξ 1 , ξ 2 , … ξ N ) defining these variables.
The simplex is initiated at step P = 1 with N + 1 arbitrary estimates
The procedure continues to step P = 2 by replacing the point Ξ 1 j , say, having the largest value of S by the 'dimensionally-opposite' point Ξ 2 j [29] . If this dimensionally-opposite point Ξ 2 j produces an S that is smaller than in the previous step, the procedure will do either one of the following. If S(Ξ 2 k≠ j ) evaluated at a different point Ξ 2 k≠ j exceeds S(Ξ 2 j ), then Ξ 2 k≠ j is replaced by the dimensionallyopposite point (Ξ 3 k≠ j ) in the following step; however, if S(Ξ 2 j ) > S(Ξ 2 k≠ j ), the simplex 'expands' in the direction between Ξ 1 j and Ξ 2 j . If replacement leads to an S which is smaller than any other, the simplex 'contracts' about that point. This procedure continues for several iterations until S is smaller than a predefined minimum, in our case 10 −6 . A comprehensive discussion of the procedure is given by Press et al. ([29] , Chapter 10).
Evaluation of *(x)
Application of this procedure with P ∼ 500 yields the following functional approximation for the conformal transformation (36) The flow defined by the velocity potential ϕ*(x) is normalized to have unit speed in the positive x direction in the uniform downstream section of the burner, which has half width b = 0.13 m. The flow is generated by a source of strength q in the ζ plane at ζ = 0, with complex potential (37) where the stream function ψ is constant on the streamlines of the flow. This formula can be used in conjunction with (36) to evaluate ϕ* and its derivatives at any point within the burner.
The accuracy of the approximation can be assessed by comparing the predictions of the streamline pattern determined by equations (36, 37) with those obtained by direct The streamline pattern in the ζ plane are the rays ψ = constant (0 < ψ/q < 1) illustrated in Figure 4 . Along each ray ϕ* varies from −∞ at the source to +∞ in the far field. For a given fixed value of ψ the corresponding streamline in the burner is obtained by allowing ϕ* to vary over this range and using equations (38) and (36) to map out the corresponding points on the streamline in the z plane. The case ψ = 0 is the streamline along the axis of symmetry of the burner and along the triangular boundary of the flame holder in y > 0; the streamline ψ/q = 1 coincides with the upper boundary of the burner in Figure 3 . The calculated streamline pattern is depicted by the solid line curves in Figure 5 (together with the symmetric pattern in the lower half of the burner). Also shown dotted are two particular cases of streamlines determined by numerical integration of the Laplace equation for ϕ*. The streamlines obtained using the Schwarz-Christoffel transformation are identical to those obtained using numerical integration of Laplace's equation which validates the transformation.
NUMERICAL RESULTS
The respective cross-sectional areas of the uniform upstream and downstream sections of the Kok et al. [19] Rijke burner are Ꮽ 1 = 0.027 m 2 , Ꮽ 2 = 0.052 m 2 . Air enters the upstream end at room temperature ( -T 1 ∼ 288 K) and this is increased to about -T 2 = 488 K at X 2 . For an ideal gas at low Mach numbers the corresponding temperature and density ratios are inversely related:
- The time history of Green's function (28) is illustrated in Figure 6 . To make these plots the sum in (28) has been truncated at n = n max = 10. Higher values of n correspond to high frequency components beyond the region of validity of the present compact approximation. Experiments suggest that modal components with n > 3 are not likely to be important for the study of thermo-acoustic feedback within the burner. In Figure 6 the Green's function point source is taken at x´ = X 2 , and G(x, y, t − τ) has been plotted as a function of nondimensional time (c 2 (t − τ) −X 2 )/(L − X 2 ) for three positions x in the downstream duct between x = X 2 and x = L. The figure shows clearly a complex wavefield generated by the point source and its arrival after the appropriate retarded time ∼ (x − X 2 )/c 2 . (28) is truncated at n = 10.
CONCLUSION
The Rijke burner compact Green's function can be used to evaluate the contributions to the sound within the burner from the different sources in the general solution (5) . The first (surface) integral in (5) can usually be ignored for a high Reynolds number flow through a rigid walled combustor. In these circumstances the dominant source is the combustion monopole (the final term on the right of (5)) whose value within the burner is not significantly dependent on flame location. However, the sound and temperature inhomogeneities produced by the flame monopole induce important and significant additional dipole sound sources of dipole strength ∼ V − T∇s, and contribute via the second integral on the right of (5). This integral involves the Green's function gradient ∂G/∂y, which is significant only in the immediate vicinity of the flame holder (where it is proportional to ∂ϕ*(y)/∂y). But dipole sources are abundant in this region and strongly coupled to the sound field within the burner. Indeed, the sound field induces jetting, vortex shedding and generally inhomogeneous temperature fluctuations at the flame holder which can be expected to play a prominent role in controlling limit cycle amplitudes during unstable combustion.
The numerical conformal mapping procedure used in this paper to determine ϕ*(y) within the effectively two-dimensional Kok et al. [19] Rijke burner is sufficiently robust to permit immediate application to new burner designs. The method of this paper is currently being extended to take explicit account of coupling with the mean flow past the flame holder, in particular to include effects of the interaction of the sound with the variable temperature, mean shear layers in the jetting flow around the flame holder.
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